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Abstract 

Anticipated backward stochastic differential equation (ABSDE) stud- 
ied the first time in 2007 is a new type of stochastic differential equations. 
In this paper, we establish a general comparison theorem for 1-dimensional 
ABSDEs with the generators depending on the anticipated term of Z . 
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1 Introduction 

Backward Stochastic Differential Equation (BSDE) of the following general form 
was considered the first time by Pardoux-Peng [3] in 1990: 

Yt = £+ J^g(s 1 Y s ,Z s )ds- J?Z a dB a . 

Since then, the theory of BSDEs has been studied with great interest. One of 
the achievements of this theory is the comparison theorem, which is due to Peng 
[5] and then generalized by Pardoux-Peng [I], El Karoui-Peng-Quenez [1] and 
Hu-Peng [2]. It allows to compare the solutions of two BSDEs whenever we can 
compare the terminal conditions and the generators. 

Recently, a new type of BSDE, called anticipated BSDE (ABSDE in short), 
was introduced by Peng- Yang [6] (see also Yang [7j). The ABSDE is of the 
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following form: 



( -dY t = f(t, Y t , Z u Y t+5(t) ,Z t+m )dt - Z t dB t , t G [0, T]; 

{ Y= 6, te[T,T + K]; (1.1) 

I Z t = th, te[T,T + K], 

where <*(■) : [0, T] ->■ M+\{0} and £(•) : [0, T] ->■ M+\{0} are continuous functions 
satisfying 

(al) there exists a constant if > such that for each s G [0, T], s + <5(s) < 
T + K, s + C(s) <T + K; 

(a2) there exists a constant M > such that for each £ G [0, T] and each 
nonnegative integrable function #(•), J ^(s + 5(s))ds < M J g(s)ds, J. g(s + 

C(s))ds < M tf +K g( S )ds. 

Peng and Yang proved in [6] that (1.1) has a unique adapted solution under 
proper assumptions, furthermore, they established a comparison theorem, which 
requires that the generators of the ABSDEs cannot depend on the anticipated 
term of Z and one of them must be increasing in the anticipated term of Y. 

The aim of this paper is to give a more general comparison theorem in which 
the generators of the ABSDEs break through the above restrictions. The main 
approach we adopt is to consider an ABSDE as a series of BSDEs and then apply 
the well-known comparison theorem for 1-dimensional BSDEs (see [1]). 

The paper is organized as follows: in Section 2, we list some notations and 
some existing results. In Section 3, we mainly study the comparison theorem for 
ABSDEs. 



2 Preliminaries 

Let {B t ; t > 0} be a (i-dimensional standard Brownian motion on a probability 
space (Q, J 7 , P) and {J^; t > 0} be its natural filtration. Denote by | • | the norm 
in IR m . Given T > 0, we make the following notations: 

L 2 (J-V;M m ) = {£ G R m | £ is an J-^-measurable random variable such that 
£|£| 2 <oc}; 

L 2 T (0, T; R m ) = {if : fix [0, T] R m | y? is progressively measurable; E J Q T \p t \ 2 dt < 
oo}; 

Sjr(0, T; R m ) = {vp : fi x [0,T] — > R m \ if) is continuous and progressively 
measurable; i?[sup 0<t<T \ipt\ 2 ] < oo}. 

Now consider the ABSDE (1.1). First for the generator f(u,s,y,z,6,4>) : 
fix [0, T] x R m x W nxd x S^(s,T + K-R m ) x L%{s, T + K; R mxd ) -»■ L 2 (J r s ; R m ), 
we use two hypotheses: 
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(HI) there exists a constant L > such that for each s G [0,T], y,y' G M m , 
G R mxd , 9,9' G L^(s,r + ET;M m ), 0,0' G L%(s, T + AT; R mxd ), r,f e[s,T + 
K], the following holds: 

|/( S , 2 /,^0 T . 5 ^ r )-/( S ,2/ , ,^ , ,^,0' r )| < Xd^-^I + I^-^I+^CI^-^I + I^-^]]); 
(H2) £[/ T |/( S ,0,0,0,0)| 2 d S ]<oo. 

Let us review the existence and uniqueness theorem for ABSDEs from [6]: 

Theorem 2.1 Assume that f satisfies (HI) and (H2), 5, C satisfy (al) and (a2), 
then for arbitrary given terminal conditions (f , rj) G S 2 T {T, T+K; R m ) x L%{T, T+ 
K;R mxd ), the ABSDE (1.1) has a unique solution, i.e., there exists a unique pair 
of ^-adapted processes (Y, Z) G S%{fd, T+ A'; M m ) x L%(0, T+K; R mxd ) satisfying 
(1.1). 

Next we will recall the comparison theorem from [6]. Let (Y^\ Z^) (j = 1, 2) 
be solutions of the following 1-dimensional ABSDEs respectively: 



-dY t U) = frit, Y^,Z^,Y t %)dt - Z?dB t , t G [0, T]; 
Y t U) = eF, te[T,T + K]. 



(2.1) 



Theorem 2.2 Assume that f u f 2 satisfy (HI) and (H2), G S 2 F (T,T + 

AT;IR), 5 satisfies (al), (a2), and for each t G [0,T], y G 1, z G M ', f 2 (t,y,z,-) 
is increasing, i.e., f 2 (t,y,z,9 r ) > f 2 (t,y, z,9' r ), if 9 r > 9' r , 9,9' G Lj-(t,T + 
AT; R),rG [t, T+K]. If^ l) > & (2) , s G [T, T+K] and h{t, y, z,9 r )> f 2 (t, y,z,9 r ),te 
[0,T],y G l,2Gl^G Ljr(t, T+K; l),rG [t,T+AT], i/ien > F t (2) , a.e.,a.s.. 



3 Comparison Theorem for Anticipated BSDEs 

Consider the following 1-dimensional ABSDEs: 

-dY{ j) = f 3 (t, Y{ j \ Z?\ Y t % t) ,Z^ m )dt - z} j) dB t , t G [0, T); 

Y t (3) = g\ t G [T,T + K]; 

Z?= Vt\ t G [T,T + K], 

(3.1) 

where j = 1,2, satisfies (HI), (H2), (C (j \v ij) ) e ^(T, T + AT; R) x L%{T,T + 
K;R d ), S,C satisfy (al) and (a2). By Theorem EU either of the above ABSDEs 
has a unique adapted solution. 

Proposition 3.1 Putting to = T, we define by iteration 
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U : = min{t E [0, T] : min{s + 8(s), s + CO)} > U-i, for all s E [t, T}}, i > 1. 
Set N := max{z : > 0}. Then N is finite, % = and 

[0, T] = [0, U [fjv-i, t„_ 2 ] U ■ • • U [t 2 , *i] U [£i, r] . 

Proof. Let us first prove that N is finite. For this purpose, we apply the method 
of reduction to absurdity. Suppose iV is infinite. From the definition of {ti}fj^, 
we know 

min{t 4 + 5(U), U + C(U)} = U-i, i = 1,2, • • ■ . (3.2) 

Since 5(-) and ((■) are continuous and positive, thus obviously we have £j < £j_i 
(i = 1,2, • • ■). Therefore {tj}^ 3 converges as a strictly monotone and bounded 
series. Denote its limit by i. Letting i — > +oo on both sides of (3.2), we get 

min{t + 5(t), t + C(t}} = i. 

Hence 5(i) = or C(t) = 0, which is just a contradiction since both 5 and £ are 
positive. 

Next we will show that = 0. In fact, the following holds obviously: 

min{t N + 8(t N ), t N + C(t N )} > t N , 

which implies = 0, or else we can find a t E [0,£jv) due to the continuity of 
S(-) and £(•) such that 

min{s + 5(s), s + ((s)}>tN, for all s E [t,T], 

from which we know that t is an element of the series as well. □ 

Proposition 3.2 Suppose (Y^\Z^) (j = 1,2) are the solutions of ABSDEs 
(3.1) respectively. Then for fixed i E {1,2,- ■• , N}, over time interval 
ABSDEs (3.1) are equivalent to the following ABSDEs: 

—dYt* = fj(t, Y^\ Zp , Y t ^ t y Z^^dt — Zp dB t , t E [U, U-i]; 

Y®= Yp), t E [ij-i, T + K]; 

Zp } = Zp\ ie[^i,T + ^, 

(3.3) 

which are also equivalent to the following BSDEs with terminal conditions Y^r 
respectively: 

Y t U) = + f,(s, Z U \ Z^,Y% s y Z% s) )ds - Z^dB s . (3.4) 

4 



That is to say, 

y» = y«> = y«, z? = z« = z» = & t e [t„ M, , = 1,2, 

where (Y^\ B) is the variation process generated by Y& and the Brownian mo- 
tion B. 

Proof. We only need to prove the equivalence between ABSDE (3.3) and BSDE 
(3.4). It is obvious that for each s G s + 5(s) > U-i, s + £(s) > U-\, 

thus (Y^ &[tV Z^ m ) = (Y t { i ] m ,Z^ m ) in the generator of ABSDE (3.3). Clearly 

/^^Vi^Mi^j)) satisfies the Lipschitz condition as well as the integrable 
condition since fj satisfies (HI), (H2). Thus BSDE (3.4) has a unique adapted 
solution. 

Moreover, it is obvious that {Y^' , Z^')te\u,ti-i] satisfies both ABSDE (3.3) 
and BSDE (3.4). Then from the uniqueness of ABSDE's solution and that of 
BSDE's, we can easily obtain the desired equalities. □ 

Theorem 3.1 Let (Y®, Z®) E S£(0, T + K; R) x L 2 T (0, T + K; R d ) (j = 1,2) 
be the unique solutions to ABSDEs (3.1) respectively. If 

(i) d 1} > £\s e[T,T + K],a.e., a.s.; 

(ii) for all t e [0,7], (y,z) e R x R d , 0® E S 2 T (t,T + K; R) (j = 1,2) such 
that 9^ > 0( 2 \ {dr} r e[t,T] is a continuous semimartingale and (9r) r€ [T,T+K] = 

(4> )re[T,T K ], 

fi(t, y, z, ^% {t) ,vl+ m ) ^ z i d f+s{ty v[+ m ), a.e., a.s., (3.5) 

(1) d(8M,B) r i (2) d(9( 2 \B) r i 
fi[t,y,z,e^ m , — \ r =t+«t)) > f2(t,y,z,e^ (t) , — | r =tK(t)), a.e., a.s., 



(3.6) 

a.e., a.s., 
(3.7) 



(1) d(9W,B) r i p, d(6W,B) r i 
Ji{t,y,z,^ t+m , — \r=t+t(t)) ^ J2{t,y,z,^ t+m , — \ r=t+m ), 

then Yt > Y^ , a.e., a.s.. 

Moreover, the following holds: 

V W _ v {2) I St - St > 

r - r S f /. v (2) 7 (2) Y (i) 7 (i) \ f (t V {2) 7 (2) V (2) 7 (2) ^ tp [n Tl 
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Proof. Consider the ABSDE (3.1) one time interval by one time interval. For 
the first step, we consider the case when t G [ii,T]. According to Proposition 
13. 2[ we can equivalently consider the following BSDE: 

y} j) = $ + if M*, Ys U \^\e S{sy V% s) )ds - jf &dB„ 
from which we have 

«« = ^, t6 W (3-8) 

Noticing that £® G S^(T,T + K;R) (j = 1,2) and > ^ 2 ), from (3.5) in (ii), 
we can get, for s G [ti, T], y G R, z G M d , 

According to the comparison theorem for 1-dimensional BSDEs, we can get 

fW > Y t (2 \ t G [t u T], a.e.,a.s. 



as well as 

*ti = V ^ S , /. v-(2) 7( 2 ) t(l) J 1 ) \ - f ( + V-P) v(2) t (2) (2) 



_ t(2). 

,(i) _ v (2) ,_, I St - Sr 7 



Consequently, 



F t (1) >y/ 2) , tG[ti,T + K], a.e.,a.s.. (3.9) 
For the second step, we consider the case when t G [£2, £i]- Similarly, according 



to Proposition I3.2[ we can consider the following BSDE equivalently: 

) V U) 7 U) 
' 1 s+s{ s y ^s+as) 



Y! J) = + J? /A t U \ Z«\Y s % s) , Z% s) )ds - £ zPdB., 



from which we have = ^~4r^ for t G [^2, ^i] • Noticing (3.8) and (3.9), 
according to (ii), we have, for s G [t 2 , h], y G R, z G M d , 

Applying the comparison theorem for BSDEs again, we can finally get 

> y t {2 \ t G [t 2 ,h], a.e.,a.s. 

as well as 

v (l) _ v (2) I - Itx l 

r t2 - Y t 2 \ ft. y(2) 7(2) v (l) 7 (1) \ f ( f V (2) 7 (2) V (2) 7 (2) ^ fcff H 

Similarly to the above steps, we can give the proofs for the other cases when 
t£ \t31t2], [£4, ts], ■•• , [tjvj *jv— ij- n 
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Example 3.1 Now suppose that we are facing with the following two ABSDEs: 



-dY t {1) = E* [Y t { H (t) + sin(2Y $ ) + |Z« | + 2}dt - ] dB t , t G [0, T]; 



F t (1) = £ t (1) , tG[T,T + K]; 

Y t {2) = d 2) , t G [T,T + K]; 

z\ 2) = V l 2) , t G [T,T + K], 

where > & (2) , * G [T, T + if]. 

As both the generators depend on the anticipated term of Z and neither of 
them is increasing in the anticipated term of Y , we cannot apply Peng, Yang's 
comparison theorem to compare Y^ and Y^ . While the following holds true: 

x + sin(2a:) + \u\ + 2 > y + 2| cosy\ + sin v — 2, for all x > y, x,y G R,u,v G R d , 

which implies (3.5)-(3.7), then according to Theorem \3.l\ we getY^ > Y^ 2 , a.e., a.s.. 

Remark 3.1 By the same way, for the case when 5 = (3.5)-(3.7) can be 
replaced by (3.6) together with 

fi{t, V, z, ^% {t) ,vl+ m ) > f2(t, y, z, ^% {t) ,v^ m ), a.e., a.s.. 

Remark 3.2 If f\ and h are independent of the anticipated term of Z , then 
(3.5)- (3.7) reduces to 

h{t, y, z, 9% m ) > f 2 {t, y, z, 0« (t) ). (3.10) 
Note that this conclusion is just with respect to the ABSDEs (2.1). 

Remark 3.3 The generators h an d fz w ^ satisfy (3.10), if for all t G [0,T], 
yeR, zeR d ,9e L^t, T + K;R),r e[t,T + K], h(t, y, z, 9 r ) > hit, y, z, 9 r ), 
together with one of the following: 

(i) for all t G [0, T], y G R, z G R d , f\(t, y, z, •) is increasing, i.e., h(t, y, z, 9 r ) > 
hit, y, z, 8> r ), if 9 > 9' , 9, 9' G L%(t, T + K ; R), r G [t, T+ K}; 

(ii) for all t G [0, T], y G R, z G R d , hit, y, z, ■) is increasing, i.e., hit, y, z, 9 r ) > 
hit, y, z, 9> r ), if 9 > 9', 9, 9' G L%(t, T + K;R), r G [t,T + K]. 

Note that the latter is just the case that Peng-Yang [6] discussed (see Theorem 

IKE). 
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Remark 3.4 The generators f\ and f 2 will satisfy (3.10), if 

fi(t,y,z,9 r ) > f(t,y,z,0 r ) > f 2 (t,y,z,B r ), 

for all t E [0,T], y E R, z E R d , E L 2 T (t,T + K;R),r E [t,T + K]. Here 
the function f(t,y,z,-) is increasing, for all t E [0,T], y E R, z E R d , i.e., 
f(t, y, z, 9 r ) > f(t, y, z, 0' r ), if O r >0' r , 0, 0' E L 2 T (t, T + K;R),r E [t,T + K\. 

Example 3.2 The following three functions satisfy the conditions in Remark 
hit.y.z.Or) = E^[0 r + 2cos0 r + l], f(t,y,z,0 r ) = E^[O r +cosO r }, f 2 (t,y,z,O r ) = 
E Tt [e r + sm(20 r ) -2]. 
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